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From Boolean Logic to high order 
predicate modal logic

Boolean Logic
= Propositional logic

Modal 
Propositional logic

First-Order Logic  = 
Predicate logic

Modal Predicate 
logic

High-Order Modal 
logic



From Boolean Logic to high order 
predicate modal logic



1. p

2. q
3. p/\q 4. p 5. qĄ p 6. pĄ (qĄ p)

ÅAs an illustration, consider the following proof 
which establishes the theorem p Ą (q Ą p):

7. q 8. pĄ q 9. qĄ(pĄ q)





1. We shall be concerned, at first, with alethic

modal logic, or modal logic tout court.

2. The starting point, once again, is Aristotle , who 

was the first to study the relationship between 

modal statements and their validity.

3. However, the great discussion it enjoyed in the 

Middle Ages.

4. The official birth date of modal logic is 1921, 

when Clarence Irving Lewis wrote a famous 

essay on implication.



Modal logics has Roots in C. 
I. Lewis

Å As is widely known and much celebrated, C. I. Lewis invented 
modal logic.

Å Modal logic sprang in no small part from his disenchantment 
with material implication
ï Material implication was accepted and indeed taken as central in Principia 

by Russell and Whitehead. 

Å In the modern propositional calculus (PC), implication is of this 
sort; 

Å hence a statement like

ï ά LŦ ǘƘŜ Ƴƻƻƴ ƛǎ ŎƻƳǇƻǎŜŘ ƻŦ Jarlsbergcheese, then 
Selmer is Norwegian" is symbolized by

p Ą q;

where of course the propositional variables can vary with 
personal choice.

Aristotle

St. Anselm

C.I. Lewis

Saul Kripke

Modern 
Engineering 

Temporal Logic 
and Model 
Checking



Troubles with 
material 

conditional 
(material implication)



It is known that p Ą q is true , by 

definition of material implication , for all 
possible combinations of the truth - values 
of p and q , except when p is true and q is 
false.

p q p Ą q

T T T

T F F

F T T

F F T

Å it is possiblethat both p and ¬q are true

One may use 
this F in next 
parts of proof

One may use true 
consequent from 
false antecedent



1. The truth -table defining Ąmay raise some doubts, especially 

when we ñcompareò it with the intuitive notion of implication.

2. In order to clarify the issue, Lewis introduced the notion of strict 

implication, and with it the symbol of a new logical connective: Ĕ

Å According to Lewis ï

the implication

pĔq requires that

Å it is impossiblethat both p and ¬q are true

or

Å it is necessarythat pĄ q



Dorothy 
9ŘƎƛƴƎǘƻƴΩǎProof 
of the Existence of 

God

Just one 
example



Material 
implication

I do not pray
So God exists

Let us use material 
implication to analyze this 
reasoning



Dorothy 9ŘƎƛƴƎǘƻƴΩǎProof of Existence 
of God

ÅIf God does not exist, then it is not the case that if 
I pray, my prayers will be answered

G Ù×(×P ÙA) = G Ù(P Ø×A)

×G Ą×(P Ą A)

ÅWe use elimination of material implication twice

ÅάL do not ǇǊŀȅέ so we substitute P=0

G Ù(P Ø×A) =G Ù(0 Ø×A)   = GÙ0  = G 

ÅSo God exists.

De Morgan



Eric is quilty and Eric did not have an 
accomplice

Therefore Eric is quilty

Other exampleof troubles with 
material implication



The modal operator ß

ÅLewis introduced the modal operator ß

1. ßmeans possible

2. in order to present his preferred sort of 
implication: 

3. Lewis implication is called strict implicationĔ. 

p Ą q
Material 
implication

×ß(p Ø×q)
Strict Implication

It is not possible that m is true and s is 
not true

not possible

Ĕ

Ą



Modal 
Logic



Modal Logic: basic operators

1. We take from propositional logic all
operators, variables, axioms, proof rules, 
etc.

2. We add two modal operators:
ï j ǊŜŀŘǎ    άjis necessarily trueέ
ï ßjǊŜŀŘǎ  άjis possibly trueέ

3. Equivalence:
ï ßj¹× ×j
ï j¹×ß×j



Modal Logic: Possible and necessary
Modal Equivalence:

ßj¹× ×j
ï {ŜƴǘŜƴŎŜ ά it is possible that it will rain in afternoonέ ƛǎ 
ŜǉǳƛǾŀƭŜƴǘ ǘƻ ǘƘŜ ǎŜƴǘŜƴŎŜ άit is not necessary that it will not 
Ǌŀƛƴ ƛƴ ŀŦǘŜǊƴƻƻƴέ

ï {ŜƴǘŜƴŎŜ ά it is possible that this Boolean function is 
satisfiedέ ƛǎ ŜǉǳƛǾŀƭŜƴǘ ǘƻ ǘƘŜ ǎŜƴǘŜƴŎŜ άit is not necessary 
ǘƘŀǘ ǘƘƛǎ .ƻƻƭŜŀƴ ŦǳƴŎǘƛƻƴ ƛǎ ƴƻǘ ǎŀǘƛǎŦƛŜŘέ.

ab\ cd
00 01 11 10

00 1 0 1 0

01 0 0 0 0

11 0 0 0 0

10 0 0 0 0

ab\ cd
00 01 11 10

00 0 0 0 0

01 0 0 0 0

11 0 0 0 0

10 0 0 0 0



Tautology, non-satisfiability and 
contingence

ab\ cd
00 01 11 10

00 1 1 1 1

01 1 1 1 1

11 1 1 1 1

10 1 1 1 1

ab\ cd
00 01 11 10

00 0 0 0 0

01 0 0 0 0

11 0 0 0 0

10 0 0 0 0

ab\ cd
00 01 11 10

00 0 0 0 0

01 0 1 0 0

11 0 0 0 0

10 0 0 0 0

ab\ cd
00 01 11 10

00 1 1 1 1

01 1 0 1 1

11 1 1 1 1

10 1 1 1 1

Tautology is true in 
every world

Not satisfied is 
false in every 
world

not

Contingent is not always false and not 
always true 



Modal Logic: Possible and necessary

Another Modal Equivalence:

j¹×ß×j

1. So we can use only one of the two operators, 
for instance άƴŜŎŜǎǎŀǊȅέ

2. But it is more convenient to use two operators.

3. Next we will be using even more than two 
operators,but the understanding of these two 
is crucial.



Both operators, that of necessity Ãand that of possibility Ï, can be reciprocally 

defined.

If we take Ï as primitive, we have:

Ãp := ¬Ï¬p

that is

ñit is necessary that pò means 

ñit is not possible that  non-pò

Therefore, we can define strict implication as:

pĔq := Ã(¬p ȿq)

but since p Ą q is logically equivalent to ¬(p ȿ¬q), or (¬pȿq), we 

have

pĔq := Ã(pĄ q)

Reciprocal definition and 

strict implication



1. Modal logic is not a multiple-valued logic
2. Modal logic is not fuzzy logic.
3. Modal logic is not a probabilistic logic.
4. Modal logic is a symbolic logic
5. Algebraic models for modal logic are still a research issue
6. In fuzzy of MV logic operation on uncertainties creates other 

uncertainties, better or worse but never certainties
7. In modal logic you can derive certainties from uncertainties

Uncertain values certain values

0

1

0

1

?

?

0

1

Modal logic is different from other logics

?

?

0

1

Modal 
processing



TYPES 
OF 

MODAL 
LOGIC



TYPES OF MODAL LOGIC

Modal logic is extremely important  both for its philosophical 

applicationsand in order to clarify the terms and conditions of 

arguments.

The label ñmodal logicò refers to a variety of logics:

1. alethic modal logic, dealing with statements such as

Å ñIt is necessary that pò, 

Å ñIt is possible that pò, 

Å etc.

2. epistemic modal logic, that deals with statements such as

Å ñI know that pò, 

Å ñI believethat pò,

Å etc.



TYPES OF MODAL LOGIC (cont)

3. deonticmodal logic, dealing with statements such as 

Å ñIt is compulsory that pò, 

Å ñIt is forbidden that pò, 

Å ñIt is permissiblethat pò, etc

4. temporal modal logic, dealing with statements such as 

Å ñIt is always true that pò, 

Å ñIt is sometimes true that pò, etc.

5. ethical modal logic, dealing with statements such as

Å ñIt is good that pò, 

Å ñIt is bad that pò



Syntax of 

Modal Logic



Syntax of Modal Logic (Ǐand ö)

Formulae in (propositional) Modal Logic ML:

ÅThe Language of ML contains the Language of 
Propositional Calculus, i.e. if P is a formula in 
Propositional Calculus, then P is a formula in ML.

ÅIf aand bare formulae in ML, then  

×a, aÙb, aØb, aÝb, Ǐa, öa *

Åare also formulae in ML.

* Note: The operator öis often later introduced and defined through Ǐ.



Modal Logic: 

circuits

ÅRemember that 

ïßj¹× ×j, 

ïand jÙy¹×(×jØ×y)

ïand j­y¹×jÙy

Is equivalent to 

j

y

jÙy×(×jØ×y)j

y

j
× ×j

Is equivalent to 

j
ßjß

necessary
possible

De Morgan



Modal Logic: circuits

Is equivalent to 

j

y

j

y

j

Is equivalent to 

j ß

People who are familiar with classical logic, 
Boolean Logic and circuits, automatic theorem 
proving, automata and robotics can bring 
substantial contributions to modal logic.

1. Circuits are the same as formulas
2. But these circuits are symbolic, 

values cannot be propagated, only 
substitutions can be made



Proof Rules for 
Modal Logic



Proof Rules for Modal Logic

1. Modal Generalization 

A

A

2. Monotonicity of ß

A Ą B

ßA ĄßB

3. Monotonicity of 

A Ą B

A Ą B


