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HighOrder Modal
logic

Modal Predicate
logic

Modal FirstOrder Logic =
Propositional logi Predicate logic

Boolean Logic
= Propositional logic




From Baotean bogimthipigbroseder
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Boolean Logic (BL)
» Language: PAQ, P— (QV —=R), etc.

» Proof-Theory: A-elim, A-intro, V-elim, etc.




A As an illustration, consider thHellowing proof
which establishes the theorem& (gA p):

1. {p} P Assume
2. {q} q Assume
3. Ap.q} pANgq Conjunction Introduction (1, 2)
4. Ap.q} p Conjunction Elimination (3)
5. Ap} ¢ — P Conditional Introduction (4)
6. p — (¢ — p) Conditional Introduction (5)
1.p —

3.pA\g —> 4.p — > 5.0A P 6. A (QA p)
2.9 — \

7.9 - 8Mq 9. ¢A (A )

7. 4Ap.q} q Conjunction Elimination (3)
8. {q} P —q Conditional Introduction (7)
9. q — (p — q) Conditional Introduction (8)




First-Order Logic (FOL)
» Language: x =y, Vx3dy(F(x) — (G(x,y) A =R(y))), etc.
» Proof-Theory: V-elim, V-intro, etc.

» Semantics: First-order structures




. We shall beconcerned at first, with alethic
modal logic, ormodal logictout court.

. The starting point, once again, is\ristotle, who
was the first to study therelationship between
modal statements and their validity

. However, the great discussion it enjoyed in the
Middle Ages.

. The official birth date of modal logic is 1921,
when Clarence Irving Lewis wrote a famous
essayon implication.



Modal logicshiaRRaoets 0.
. Lewiis

As is widely known and much celebrated, C. |. Lewis inventeo
modal logic.

Modal logic sprang in no small part from Hisenchantment St. Anselm
with material implication

i Material implication was accepted and indeed taken as central in Principi
by Russell and Whitehead. C.l. Lewis

Aristotle

In the modernpropositional calculus (PGmplication is of this
sort: SaulKripke

hence a statement like

i a LT UKS Y22 Jarsheigheegeythad & S~ 0 )
Selmer is Norwegian" is symbolized by Engineeling
_ Temporalllegic
P A ok and Model

whereof coursethe propositional variableean vary with ~ {  Chesking
personal choice.




Troubleswytth
material

condiitionall
(material implication)




A

It is known that p A g istrue , by
definition of material implication , for all
possible combinations of the truth -values

of p and g, except when p istrueand q s
false.

PpA(

T One may use
/ this F in next
F

parts of proof

\ One may use true

consequent from
false antecedent

T N 4 470
T 4 T 4 °

it is possililethat both p and —q are true



1. The truth-table defining A may raise some doubts, especially
when we Acompareo it with the

2. In order to clarify the issue, Lewis introduced the notion of strict
implication, and with it the symbol of anew logical €eonnective E

A According to Lewisi
the implication

p E grequires that
A it is impessillethat both p and —q are true
or

A it is necessarthat pA g
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Problems with the material conditional

Dorothy Edgington’s Proof of the Existence of God

4 N

X Y | X=Y
r T T -G — (P — A)
T F F
F T T
F F T
:\r/ln?;[lfczlzftlion /

If God does not exist, then it's not the case that if | pray,
my prayers will be answered

Mp_@y— Let us use material
S0 God exists implication to analyze this

reasoning



Dorothy 9dR @ tAny BrooRoffEXi&tence
of Gad

A If God does not exist, then it is not the case that i
| pray, my prayers will be answered

x GA x (PA A)
A We use elimination of material implication twice
GUx (x PUA) = GUP@x A) De Morgan
A & do notLINJ sd e substituteP=0
GUPGx A)=GU(OGx A) = GUO =G
A So God exists.



Other exampteof troubleswitth
material inmnplicatton

C.l. Lewis’ idea: Interpret ‘If A then B’ as ‘It must be the case
that A implies B, or ‘It is necessarily the case that A implies B’

Prosecutor: “If Eric is guilty then he had an accomplice.”

G— A
. (G — A)
Judge: (G — A) = G A —A, therefore G!



Themodal @petatorl’

A Lewis introduced the modal operat€r

1. B meanspossible
2. Inorder to present his preferred sort of
iImplication:
3. Lewis implication is callestrictimplicationE .
not possible
T /
PA ¢ im?ol?(izition A \ Y Strict Implication
xR(p@ x q) £

It is not possible that m is true and s is
not true






Modal Logic:basic operators

1. We takeffrompropositiondl| togiall
operators, variables;axioms;qaroafi¢eles,
etc.

2. We additwomodal @perators:
- [Jp NB | Rjds necessadily true
- B NB I R possbly true

3. Equildlence:

i B/ 1x xj
i 1 xRx



Modal Logic:Possible and necessary

Modal Eguivatenee:
Rj 1 x xj
i { Sy 0 Stys@&sikde that it will rain in afternoén A &
SljdzA g £ Sy 4 Ut ndi ieGssanbtiyatitSvwl Qo
NFAY Ay FFGSNY22Yé
i { Sy 0 Stys@&ssibde that this Boolean functionis
satisfied A a j dzA G| f Siyidinotingcessak S
GKEG GKX&E . 22f8Fy. Fdzy OliAzZY

o

=00 01|11 10
OO0 1 O 1 O

01 0 0O O O
11 0 0 0 O
10 0 O O O




Tautology, monsatisfialbility and
contingemnae
BT Y I

0 L
! Not satisfied is
0l 1 1 1 1 Tautologyistruein 01 0 0 O O false in every
11 1 1 1 1 every world 11 0 0 0 O world
10 1 1 1 1 10 0O O O O

EEI m

0 not 00 1
o010 1 0 O ~— - 011 0 1 1
11 0 0 0 O 11 1 1 1 1
10 0 0 0 O 10 1 1 1 1

Contingent is not always false and not
always true



Modal Logic:Possible and necessary

Another Modal izguivalenee:
J P xBxy

1. So we camise only oneof the two operators,
forinstanced y SOSa al NE €

2. But 1t Is more convenient to use two operators

3. Next we will bausing even more than two
operators,but the understanding of these two
IS crucial.



Reciprocal definition and
strict implltaittm

Both operators, that of necessityA and that of possibility[ , can be reciprocally
defined.

If we take | as primitive, we have:
Ap:=-l —-p
that is

fit is necessarythapd me an's
Ait I s not pmssible that

Therefore, we can definestrict implicatiom as
pE q:=A(-ps g

but sincep A qis logically equivalent to-(ps —q), or (-ps ), we
have

PE q:=A(pPA 9



Modal logicitsdiiftetentffromoathendggics

1. Modal logicas nota multiplevalued logic
2. Modal logic is not fuzzy logic.
3. Modal logids nota probabilistic logic.
4. Modal logic is a symbolic logic
5. Algebraic models for modal logic are still a research issue
6. In fuzzy of MV logic operation on uncertainties creates other
uncertainties, better or worse but never certainties
7. In modal logic you can derive certainties from uncertainties
Uncertain wvalues Modal :
. >  processing —> certain values
—s 1 —> 1
?
i 3 ?2 > 1
0 ? 0
>







TYPES OF MODAL LOGIC

Modal logic is extremely important both forits philosophical
applicationsand in order to clarify the terms and conditions of
arguments.

The | rmdalbgodi refers to a varie

1. alethic modal logic, dealing with statements such as

A Alt is nemwessary t hat
Aflt is ppos,sible that
A etc.

2. epistemicmadalllagic that deals with statements such as
A @ know that po |,
A 7 believethat po |,
A etc.



TYPES OF MODAL LOGIC (cont)

3. deonticmodal logic, dealing with statements such as
A fi | tconmipslsorythat po ,
A fi | tforbidden that po |,
A il tperinissiblet hat po, et c
4. temporal modal logic, dealing with statements such as
A fi | talways truethat po ,
A fi | tsomietmestruethatpd, et c.
5. ethical modal logig dealing with statements such as
A @ liggoodthat po |,
A i ligbadthat po



Syntax of
Modal Logic



Symtaxofivtetdal begid (and )

Formulae in (propositional) Modal Logic ML.:

A The Language of ML contains the Language of
Propositional Calculus, i.e. if P is a formula in
Propositional Calculus, then P is a formula in ML.

A If a andb are formulae in ML, then
xgaUmR @A Ybla, da*
A arealsoformulae in ML.

* Note: The operatop is often later introduced and defined through.



A Remembethat Modal Logic:
I Rtx g, . )
i and/ Uyt x (xj @ ») Circuilts

i and/j - y1xj Uy

possible necessary

A e SNy N
: KB/ /$W$J

Is equivalent to

/ >O\ X () D) J j Uy
N o )-{>o- y%

Is equivalent to




Modal Logiceireuits

F 3 o

>0 |-

Is equivalent to

=

Jg>g/

/>0 ) Do

/E B

y

Is equivalent to

Circuits are the same as formulas People who are familiar with classical logic,

But these circuits are symbolic,

Boolean Logic and circuits, automatic theorem

values cannot be propagated, only  nrgying, automata and robotics can bring

substitutions can be made

substantial contributions to modal logic.




Proof Rutesdor
Modal Logic



Proof Rules for Modalogic

1. Modal Genetalizaitton
A
A

2. Monotonicity of 3
AA B




